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Part A (Short Answer Questions)
Answer any eight questions,
Weight 1 each.

1. Define Ealer Totient funcuon ¢(n). Also prove that @{n) s cven forn = 3.

P

State Euler's summation fonmula and define Ricmann zeta lunction

Lot

Fxplain the mutal visible lattics points. State a negessary and sufficient condiion for two lattice points {a,4) and {m,n)io he
mutually visible.

4, Derive Fuler's summation formula from Abel's identity.

5. Wrilc any four cquivalent forms of the prime number theorem.

i

&, () 1l ac = be(mod m) and it d = {m, ¢} , then prove that a = b{m-rxi-&} :
(b) if ¢ >0 then prove that o = b(mod m) if and only if ac = be{mod me) .

7. Define residue class a modulom and prove that for a given modulus m the m residue classes 1,2, ..., e disjoint and thei

union is the set of all intezers.

8 It {e1,a2. .. -ﬂé{mb 15 o reduced restdue system module moand 18 (&, m) = T then prove that {ka1, ka3, .. ,karj;!'m:g 15 also a

reduced residue system modulo o,
9, Define quadratic residues. Fmad the quadratic nonresiducs [orp = 13,
10,  (a) Detine expria).
(Bx1=8 weightage)

Part B {Shert Essay/Problems)
Answer any six guestions.

Weight 2 each.
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11, Prove that if both g and £ + ¢ are multiplicative then £ 18 muliipticarive

12, @ Prove thae if f is multiphicative deen Edi”p(d}f{d} =y {1 — fip)).

{i¥State and prove the assaciative property relating o and # .
1
13, Show that the nth‘{}r:mc Py satishics the meguahty ﬁnfog n< Ph<12(nlogntn Eog%-g}..\:‘n =1

14, Show that (i} D7, < 35( )= wlogr— o+ Olog o and (#) ¥, A Ly =aloge —x+ Ofx).

15, Givenaprime plet flz) = ep+ e+ en™ be a pofynomal of degree n with integer coefficents such thal en 2 0{med p}. Then

prove that pohysomial congruence flz) = olmod piias at most n solutions.
16.  Fiad all x which simultancously satisfy the system of congruences z = 1(mod 3),x = 2{mod 4}, = 3mod 5).

17, Prove that (~1ip) = ~ 1 if p = 4m + 3ior some infeger m. Also write & formata for (2ip)when p is an odd prime.

1B, Lt g beaprimitive rost mod p, where pis an odd prime. Then prove that the even pawers gz, g‘i, N Hre the quadratic residues
and the add powers g, 93___ : _,g'p_?-are the guadratic nonresidues mod p.

(6x2=12 weightage}

Part C (Essay Type Questions)
Answer any two questions.
Weight 5 each.

¢
19. (aiorz 2 1 prove that !En‘i_:ﬂ_ﬁ

-1 with equality holding oaly itz < 2.
(bProve that far every 2 = 1, 2]l = H?,c_:;ya{-m\'\'hcrc the product is extended over all primes £ z, and a{p) = Zﬁ:i‘?{:ﬂ]

(cilfz 2 2 prove that foglz]l = z logz — = + Oflog ).

20. tet{a(n)} be a nonmegative sequence such that 3 < @(n}[ 51 = zlogz + Ofx) for ali 2 > 1. Then prove the foilowing
2 . am)_,
(@) Y& = Liwehave ) popy = logz + O1).
thy There is a constant B such that 3, - @(n) < Bz,¥z = 1.
{cy Therets aconstant A > Oend an g > 0 such that 3 —pln} = An.¥ e > 20
21, i Prove that for a given inteaer k > ) there exist a lattice paint {a,b) such that none of the lattjee poimts
(eirbis) . 0<r<k,o<s<k, svisible fom the origim
(b Let The a polvnomial with integer coefficients. let m1,. ..  rapbe posilive imlegers refatively prime in pairs, and let

m = mpm32. .. mp Prove that e congrucnce f{x} = O{mod m) has a soluton it and only if each of the congraences

flz) = olmodmi) (1= 1,...,#) has a solution. Also show that if v{m) end w{m;) denote the number of solations of

; ; B : - . ; -1 : 2
22, Assume n is not conzrient to 0{modp) and consider the least positive residues mod p of the ii_}Howmg-pvz-"mid[!pics of

-1 ; o x ; ik
s it T Pazwn. Ther ifm denotes the number of these vesiducs which execed ‘g prove that {nip) = {1}

(2x5=10 weightage)
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